The Cauchy Problem for Non-Archimedean Pseudodifferential Equations of
  Klein-Gordon Type by Zuniga-Galindo, W. A.
ar
X
iv
:1
30
2.
35
06
v2
  [
ma
th-
ph
]  
19
 Ju
n 2
01
4
The Cauchy Problem for Non-Archimedean
Pseudodifferential Equations of Klein-Gordon Type
W. A. Zu´n˜iga-Galindo
Abstract. In this article we introduce a new class of non-Archimedean pseu-
dodifferential equations of Klein-Gordon type and study the corresponding
Cauchy problem for these equations. A remarkable fact is that the non-
Archimedean Klein-Gordon equations exhibit many similar properties to the
classical Klein-Gordon equations.
1. Introduction
In the 1980’s I. Volovich proposed that the world geometry in regimes smaller
than the Planck scale might be non-Archimedean [18], [19]. This hypothesis
conducts naturally to consider models involving geometry and analysis over Qp,
the field of p-adic numbers, p being a rational prime ≥ 2. Since then, a big number
of articles have appeared exploring these and related themes, see e.g. [5], [16,
Chapter 6] and the references therein. In particular, nowadays there is a strong
interest in studying pseudodifferential equations over p-adic fields, see e.g. [1], [9],
[10], [11].
In this article we introduce a new class of non-Archimedean pseudodifferential
equations of Klein-Gordon type. We work on the p-adic Minkowski space which
is the quadratic space
(
Q4p, Q
)
where Q(k) = k20 − k21 − k22 − k23 . Our starting
point is a result of Rallis-Schiffmann that asserts the existence of a unique mea-
sure on Vt =
{
k ∈ Q4p : Q (k) = t
}
which is invariant under the orthogonal group
O(Q) of Q, see Proposition 1 or [12]. By using Gel’fand-Leray differential forms,
we reformulate this results in terms of Dirac distributions δ (Q (k)− t) invariant
under O(Q), see Remark 2 and Lemma 1. We introduce the positive and negative
mass shells V +
m2
and V −
m2
, here m is the ‘mass parameter’ which is taken to be a
nonzero p-adic number. The restriction of δ (Q (k)− t) to V ±
m2
gives two distri-
butions δ± (Q (k)− t) which are invariant under L↑+, the ‘Lorentz proper group’,
see Definition 2, and that satisfy δ (Q (k)− t) = δ+ (Q (k)− t) + δ− (Q (k)− t), see
Lemma 4. The p-adic Klein-Gordon type pseudodifferential operators introduced
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here have the form
(α,mϕ) (x) = F−1k→x
[∣∣Q(k)−m2∣∣α
p
Fx→kϕ
]
, α > 0, m ∈ Qp r {0} ,
where F denotes the Fourier-Minkowski transform. We solve the Cauchy problem
for these operators, see Theorem 1.
The equations (α,mφ) (t,x) = 0 have many similar properties to the classi-
cal Klein-Gordon equations, see e.g. [2], [3], [14]. These equations admit plane
waves as weak solutions, see Lemma 9; the distributions aF−1 [δ+ (Q (k)−m2)]+
bF−1 [δ− (Q (k)−m2)], a, b ∈ C, are weak solutions of these equations, see Propo-
sition 2. The locally constant functions
(1.1) φ (t,x) =
∫
UQ,m
χp (x · k) {χp (−tω (k))φ+ (k) + χp (tω (k))φ− (k)} d3k,
where χp (·) denotes the standard additive character of Qp and φ± are locally
constant functions with support in UQ,m, are weak solutions of these equations.
At this point, it is relevant to mention that the operators, equations and tech-
niques introduced here are new. In [1] a very general theory for pseudodifferential
operators and equations involving symbols that vanish only at the origin was de-
veloped. This theory cannot be applied here because our symbols (
∣∣Q(k)−m2∣∣α
p
)
have infinitely many zeros.
Finally, the quantization of solutions (1.1) and its connection with the second
quantization is an open problem. It ‘seems’ that the construction of a neutral (real)
quantum scalar field with mass parameter m ∈ Q×p can be carried out using the
machinery of the second quantization starting with H = L2 (V +
m2
, dλm2
)
, the state
space for a single spin-zero particle of mass m, see e.g. [4], [6], [13]. But there are
several mathematical and physical obstacles to overcome.
2. Preliminaries
Along this article p will denote a prime number different from 2. The field of
p−adic numbers Qp is defined as the completion of the field of rational numbers Q
with respect to the p−adic norm | · |p, which is defined as
|x|p =
{
0 if x = 0
p−γ if x = pγ
a
b
,
where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) :=
+∞, is called the p−adic order of x. Any p−adic number x 6= 0 has a unique
expansion x = pord(x)
∑∞
j=0 xip
j, where xj ∈ {0, 1, 2, . . . , p− 1} and x0 6= 0. Thus
any nonzero p−adic number can be written uniquely as x = pord(x)ac(x), where
ac(x), the angular component of x, is a unit i.e. |ac(x)|p = 1. For a unit a =∑∞
j=0 aip
j, a0 6= 0, we define a := a0 ∈ Fp, where Fp denotes the field of p elements.
We also define the fractional part of x ∈ Qp, denoted {x}p, as the rational number
{x}p =
{
0 if x = 0 or ord(x) ≥ 0
pord(x)
∑−ord(x)−1
j=0 xjp
j if ord(x) < 0.
Set χp(y) = exp(2pii{y}p) for y ∈ Qp. The map χp(·) is an additive character on
Qp, i.e. a continuous map from Qp into the unit circle satisfying χp(y0 + y1) =
χp(y0)χp(y1), y0, y1 ∈ Qp.
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We extend the p−adic norm to Qnp by taking
||x||p := max
1≤i≤n
|xi|p, for x = (x1, . . . , xn) ∈ Qnp .
For γ ∈ Z, denote by Bnγ (a) = {x ∈ Qnp : ||x − a||p ≤ pγ} the ball of radius
pγ with center at a = (a1, . . . , an) ∈ Qnp , and take Bnγ (0) := Bnγ . Note that
Bnγ (a) = Bγ(a1)× · · · × Bγ(an), where Bγ(ai) := {x ∈ Qp : |xi − ai|p ≤ pγ} is the
one-dimensional ball of radius pγ with center at ai ∈ Qp. The ball Bn0 (0) is equal
to the product of n copies of B0(0) := Zp, the ring of p−adic integers.
A complex-valued function ϕ defined on Qnp is called locally constant if for any
x ∈ Qnp there exists an integer l(x) ∈ Z such that
(2.1) ϕ(x + x′) = ϕ(x) for x′ ∈ Bnl(x).
A function ϕ : Qnp → C is called a Bruhat-Schwartz function (or a test function)
if it is locally constant with compact support. The C-vector space of Bruhat-
Schwartz functions is denoted by S(Qnp ). Let S
′(Qnp ) denote the set of all functionals
(distributions) on S(Qnp ). All functionals on S(Q
n
p ) are continuous, see e.g. [17, p.
84].
For a detailed discussion on p-adic analysis the reader may consult [1], [9], [15],
[17].
2.1. Fourier transform on finite dimensional vector spaces. Let E be
a finite dimensional vector space over Qp and χp a non-trivial additive character of
Qp as before. Let [x, y] be a symmetric non-degenerate Qp−bilinear form on E×E.
Thus Q(e) := [e, e], e ∈ E is a non-degenerate quadratic form on E. We identify E
with its algebraic dual E∗ by means of [·, ·]. We now identify the dual group (i.e.
the Pontryagin dual) of (E,+) with E∗ by taking 〈e, e∗〉 = χp ([e, e∗]) where [e, e∗]
is the algebraic duality. The Fourier transform takes the form
ϕ̂ (y) =
∫
E
ϕ (x)χp ([x, y]) dx for ϕ ∈ L1 (E) ,
where dx is a Haar measure on E.
Let L (E) be the space of continuous functions ϕ in L1(E) whose Fourier trans-
form ϕ̂ is in L1(E).The measure dx can be normalized uniquely in such manner
that (̂ϕ̂) (x) = ϕ (−x) for every ϕ belonging to L (E). We say that dx is a self-dual
measure relative to χp ([·, ·]).
For further details about the material presented in this section the reader may
consult [20].
2.2. The p-adic Minkowski space. We take E to be the Qp-vector space
of dimension 4. By fixing a basis we identify E with Q4p considered as a Qp-vector
space. For x = (x0, x1, x2, x3) := (x0,x) and y = (y0, y1, y2, y3) := (y0,y) in Q4p we
set
(2.2) [x, y] := x0y0 − x1y1 − x2y2 − x3y3 := x0y0 − x · y,
which is a symmetric non-degenerate bilinear form. From now on, we use [x, y] to
mean bilinear form (2.2). Then
(
Q4p, Q
)
, with Q(x) = [x, x] is a quadratic vector
space and Q is a non-degenerate quadratic form on Q4p. We will call
(
Q4p, Q
)
the
p-adic Minkowski space.
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On
(
Q4p, Q
)
, the Fourier transform takes the form
(2.3) F [ϕ] (k) =
∫
Q4p
χp ([x, k])ϕ (x) d
4x for ϕ ∈ L1 (Q4p) ,
where d4x is a self-dual measure for χp ([·, ·]), i.e. F [F [ϕ]] (x) = ϕ (−x) for every
ϕ belonging to L (Q4p). Notice that d4x is equal to a positive multiple of the
normalized Haar measure on Q4p, i.e. d
4x = Cd4µ (x), with C > 0.
Remark 1. (i) We set the usual Fourier transform F to be
F [ϕ] [k] :=
∫
Q4p
χp (x0k0 + x1k1 + x2k2 + x3k3)ϕ (x) d
4µ (x) for ϕ ∈ L1 (Q4p) ,
where d4µ (x) is the normalized Haar measure of Q4p. The connection between F
and F is given by the formula
F [F [ϕ (x0, x1, x2, x3)]] = Cϕ (x0,−x1,−x2,−x3) ,
which is equally valid for integrable functions as well as distributions.
(ii) Note that C = 1, i.e. d4x = d4µ (x). Indeed, take ϕ (x) to be the charac-
teristic function of Z4p, now
ϕ (x) = F [F [ϕ]] (x) = CFk→x [F [ϕ] (k0,−k)] = CFk→x [ϕ (k0,k)]
= C2F [ϕ (x0,−x)] = C2ϕ (x) ,
therefore C = ±1.
2.3. Invariant measures under the orthogonal group O(Q). We set
Q(x) = [x, x] as before. We also set
G :=

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 .
Then Q(x) = xTGx, where T denotes the transpose of a matrix. The orthogonal
group of Q(x) is defined as
O(Q) = {Λ ∈ GL4 (Qp) : [Λx,Λy] = [x, y]}
=
{
Λ ∈ GL4 (Qp) : ΛTGΛ = G
}
.
Notice that any Λ ∈ O(Q) satisfies detΛ = ±1. We consider O(Q) as a p-adic
Lie subgroup of GL4 (Qp) which is a p-adic Lie group.
For t ∈ Q×p , we set
Vt :=
{
k ∈ Q4p : Q (k) = t
}
.
Proposition 1 (Rallis-Schiffman, [12, Proposition 2-2]). The orthogonal group
O (Q) acts transitively on Vt. On each orbit Vt there is a measure which is invariant
under O (Q) and unique up to multiplication by a positive constant.
For each t ∈ Q×p , let dµt be a measure on Vt invariant under O (Q). Since Vt is
closed in Q4p, it is possible to consider dµt as a measure on Q
4
p supported on Vt.
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2.4. p-adic analytic manifolds. We give a brief review on p-adic manifolds
in the sense of Serre. For further details the reader may consult [8].
We recall that a p-adic analytic manifold X of dimension n is a topological
Hausdorff space equipped with an atlas, which is a family of compatible charts
{(U, φU )} covering X . As in the Archimedean case, each chart is a pair (U, φU ),
where U is a nonempty open subset of X and φU is a homeomorphism from U to
φU (U) ⊂ Qnp , with n fixed.
2.4.1. Gel’fand-Leray differential forms. Since ∇Q(k) 6= 0 for any k ∈ Vt, by
using the non-Archimedean implicit function theorem one verifies that Vt is a p-adic
closed submanifold of codimension 1.
The condition ∇Q(k) 6= 0 for any k ∈ Vt, implies the existence of a p-adic
analytic differential form λt on Vt satisfying
(2.4) dk0 ∧ dk1 ∧ dk2 ∧ dk3 = dQ (k) ∧ λt.
A such form is typically called a Gel’fand-Leray form. The differential form λt is
not unique but its restriction to Vt is independent of the choice of λt, see e.g. [7,
Chap. III, Sect. 1-9], [8, Section 7.4 and 7.6], [23]. We denote the corresponding
measure as λt (A) =
∫
A
dλt for an open compact subset A of Vt.
The notation
(
k0, . . . , k̂l(j), . . . , k3
)
means omit the l (j)th coordinate. We now
describe this measure in a suitable chart. We may assume that Vt is a countable
disjoint union of submanifolds of the form
(2.5) V
(j)
t :=
 (k0, . . . , k3) ∈ Q
4
p : kl(j) = hj
(
k0, . . . , k̂l(j), . . . , k3
)
with
(
k0, . . . , k̂l(j), . . . , k3
)
∈ V (j)t ,

where hj
(
k0, . . . , k̂l(j), . . . , k3
)
is a p-adic analytic function on some open compact
subset Vj of Q3p, and
∂Q
∂kl(j)
(z) 6= 0 for any z ∈ V (j)t . If A is a compact open subset
contained in V
(j)
t , then
(2.6) λt (A) =
∫
h
−1
j
(A)
dk0 . . . dk̂l(j) . . . dk3∣∣∣ ∂Q∂kl(j) (k)∣∣∣p ,
where we are identifying the set A ⊂ V (j)t with the set of all the coordinates of
the points of A, which is a subset of Q3p, and h
−1
j (A) denotes the subset of Q
4
p
consisting of the points (k0, k1, k2, k3) such that kl(j) = hj
(
k0, . . . , k̂l(j), . . . , k3
)
for
(
k0, . . . , k̂l(j), . . . , k3
)
∈ A.
Remark 2. (i) Let T (Vt) denote the family of all compact open subsets of Vt.
Then λt is a additive function on T (Vt) such that λt (A) ≥ 0 for every A in T (Vt).
By Carathe´odory’s extension theorem λt has a unique extension to the σ-algebra
generated by T (Vt). We also note that the measure λt is supported on Vt.
(ii) Let S (Vt) denote the C-vector space generated by the characteristic func-
tions of the elements of T (Vt). The fact that λt is a positive additive function on
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T (Vt) is equivalent to say that
S (Vt) → C
ϕ →
∫
Q4p
ϕ (k) dλt (k)
is a positive distribution. We can identify the measure dλt with a distribution on
Q4p supported on Vt.
(iv) Some authors use δ (Q (k)− t) or δ (Q (k)− t) d4k to denote the measure
dλt. We will use δ (Q (k)− t).
Remark 3. Let G0 be a subgroup of GL4(Qp). Let ϕ ∈ S
(
Q4p
)
and let Λ ∈ G0.
We define the action of Λ on ϕ by putting
(Λϕ) (x) = ϕ
(
Λ−1x
)
,
and the action of Λ on a distribution T ∈ S′ (Q4p) by putting
(ΛT, ϕ) =
(
T,Λ−1ϕ
)
.
We say that T is invariant under G0 if ΛT = T for any Λ ∈ G0.
Lemma 1. With the above notation, we have dµt = Adλt for some positive
constant A.
Proof. By Remark 2 and Proposition 1, it is sufficient to show that the dis-
tribution δ (Q (k)− t) is invariant under O (Q), i.e.∫
Vt
ϕ (Λk)dλt (k) =
∫
Vt
ϕ (k) dλt (k)
for any Λ ∈ O(Q) and ϕ ∈ S (Q4p). Since Vt is invariant under Λ, it is sufficient to
show that dλt (k) = dλt (y) under k = Λ
−1y, for any Λ ∈ O(Q). To verify this fact
we note that
dk0 ∧ dk1 ∧ dk2 ∧ dk3 =
(
detΛ−1
)
dy0 ∧ dy1 ∧ dy2 ∧ dy3 and dQ (k) = dQ(y)
under k = Λ−1y. Now by (2.4) and the fact that the restriction of λt to Vt is unique
we have λt (k) =
(
detΛ−1
)
λt (y) on Vt, i.e. dλt (k) = dλt (y) under k = Λ
−1y on
Vt. 
2.4.2. Some additional results on δ (Q (k)− t). We now take t = m2 with m ∈
Q×p . Notice that Vm2 has infinitely many points and that (k0,k) ∈ Vm2 if and
only if (−k0,k) ∈ Vm2 . In order to exploit this symmetry we need a ‘notion of
positivity’ on Qp. To motivate our definitions consider a = p−nac (a) ∈ Q×p , then
−a = p−nac(−a). Thus, changing the sign of a is equivalent to changing the sign of
its angular component. On the other hand, the equation x2 = a has two solutions if
and only if n is even and
(
a−n
p
)
= 1, here
(
·
p
)
denotes the Legendre symbol. The
condition
(
a−n
p
)
= 1 means that the equation z2 ≡ a−nmod p has two solutions,
say ±z0, because p 6= 2, with z0 ∈
{
1, . . . , p−12
}
and −z0 ∈
{
p+1
2 , . . . , p− 1
}
.
We define
F+p =
{
1, . . . ,
p− 1
2
}
⊂ F×p and F−p =
{
p+ 1
2
, . . . , p− 1
}
⊂ F×p .
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Motivated by the above discussion we introduce the following notion of ‘posi-
tivity’.
Definition 1. We say that a ∈ Q×p is positive if ac(a) ∈ F+p , otherwise we
declare a to be negative. We will use the notation a > 0, in the first case, and a < 0
in the second case.
The reader must be aware that this notion of positivity is not compatible with
the arithmetic operations on Fp neither on Q×p because these fields cannot be or-
dered.
We now define the mass shells as follows:
V +
m2
= {(k0,k) ∈ Vm2 : k0 > 0} and V −m2 = {(k0,k) ∈ Vm2 : k0 < 0} .
Hence
(2.7) Vm2 = V
+
m2
⊔
V −
m2
⊔ {(k0,k) ∈ Vm2 : k0 = 0} .
Notice that
V +
m2
→ V −
m2
(k0,k) → (−k0,k)
is a bijection. We define
Π : Q4p → Q3p
(k0,k) → k,
and Π
(
V +
m2
)
= Π
(
V −
m2
)
:= UQ,m. Given k ∈ UQ,m, there are two p-adic numbers,
k0 > 0 and −k0 < 0, such that (k0,k), (−k0,k) ∈ Vm2 , thus we can define the
following two functions:
UQ,m → Q×p
k → √k · k +m2 =: k0
,
UQ,m → Q×p
k → −√k · k +m2 =: −k0.
Furthermore, we obtain the following description of the sets V ±
m2
:
(2.8) V ±
m2
=
{
(k0,k) ∈ Q4p : k0 = ±
√
k · k +m2, for k ∈ UQ,m
}
.
Lemma 2. With the above notation the following assertions hold:
(i) UQ,m is an open subset of Q3p;
(ii) the functions ±√k · k +m2 are p-adic analytic on UQ,m;
(iii) UQ,m is p-adic bianalytic equivalent to each V
±
m2
, and V ±
m2
are open subsets
of Q3p;
(iv)
λm2 (k0,k) |V ±
m2
=
dk1 ∧ dk2 ∧ dk3
±2√k · k +m2 |UQ,m and
dλm2 (k0,k) |V ±
m2
=
d3k∣∣√k · k +m2∣∣
p
|UQ,m ,
where d3k is the normalized Haar measure of Q3p;
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(v)
∫
{(k0,k)∈Vm2 :k0=0}
ϕ (k0,k) dλm2 (k0,k) = 0 for any ϕ (k0,k) ∈ S
(
Q4p
)
.
Proof. Take a point (k0,k) ∈ V +m2 , then (k0,k) ∈ V (j)t for some j, see (2.5),
thus there exist an open compact subset U+ = U
′
+ × U ′′+ containing (k0,k) and a
p-adic analytic function h+ : U
′′
+ → U ′+ such that
(2.9) V +
m2
∩ U = {(k0,k) ∈ U+ : k0 = h+ (k) with k ∈ U ′′+} .
Now by (2.8), we have
h+ (k) |U ′′+=
√
k · k +m2 |U ′′+ ,
which implies that
√
k · k +m2 is a p-adic analytic function on UQ,m, which is an
open subset of Q3p since it is the union of all the U
′′
+ which are open. In this way
we establish (i)-(ii).
We now prove (iii). By (ii)
UQ,m → V ±m2
k → (±√k · k +m2,k) =: i± (k)
are p-adic bianalytic mappings, and by (i) V ±
m2
are open subsets of Q3p.
The formulas (iv)-(v) follow from (2.4) by a direct calculation. 
Lemma 3. (i) Each of the spaces S(V ±
m2
) is isomorphic to S(UQ,m) as C-vector
space.
(ii) If φ : UQ,m → C is a function with compact support, then∫
UQ,m
φ (k)
d3k∣∣√k · k +m2∣∣
p
=
∫
V
±
m2
(
φ ◦ i−1±
)
(k) dλm2 (k0,k) .
(iii) If m ∈ Q×p and ϕ : Q4p → C is a function with compact support, then∫
V
m2
ϕ (k) dλm2 (k) =
∫
UQ,m
ϕ
(√
k · k +m2,k
) d3k∣∣√k · k +m2∣∣
p
+
∫
UQ,m
ϕ
(
−
√
k · k +m2,k
) d3k∣∣√k · k +m2∣∣
p
.(2.10)
Proof. (i) Let φ± be a function in S(V
±
m2
), by applying Lemma 2 (iii), we
have φ± ◦ i± ∈ S(UQ,m). Conversely, if ϕ ∈ S(UQ,m), then, by Lemma 2 (iii),
ϕ ◦ i−1± ∈ S(V ±m2). (ii) The formula follows from (i) by applying Lemma 2 (iv). (iii)
The formula follows from (2.7) by applying Lemma 2 (iii)-(iv)-(v). 
Remark 4. We set
δ±
(
Q (k)−m2) := δ (Q (k)−m2) |V ±
m2
.
If we take Λ0 :=
[ −1 0
0 I3×3
]
= Λ−10 ∈ O (Q), then
δ−
(
Q (k)−m2) = Λ0δ+ (Q (k)−m2) .
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Notice that instead of Λ0 we can use any Λ satisfying Λ
(
V +
m2
)
= V −
m2
.
Now formula (2.10) can be written as
δ
(
Q (k)−m2) = δ+ (Q (k)−m2)+ δ− (Q (k)−m2) .
2.4.3. The p-adic restricted Lorentz group.
Definition 2. We define the p-adic restricted Lorentz group L↑+ to be the
largest subgroup of SO(Q) such that L↑+
(
V ±
m2
)
= V ±
m2
.
Notice that L↑+ is a non-trivial subgroup of SO(Q). Indeed, take Λ in
SO (3) =
{
R ∈ GL3 (Qp) : RT = R−1, detR = 1
}
,
and define
Λ˜ =
[
1 0
0 Λ
]
.
Then (
Λ˜
)T
=
[
1 0
0 Λ−1
]
and
(
Λ˜
)T
GΛ˜ = G, i.e. Λ˜ ∈ SO(Q),
and since Λ˜k · Λ˜k = k · k we have Λ˜ (V ±
m2
)
= V ±
m2
.
At the moment, we do not know if L↑+ = {1}×SO(3). It seems that this depends
on Qp, which can be replaced for any locally compact field of characteristic different
from 2.
Lemma 4. The distributions δ±
(
Q (k)−m2) are invariant under L↑+.
Proof. Consider first δ±
(
Q (k)−m2). Take Λ ∈ L↑+, then(
Λδ+
(
Q (k)−m2) , ϕ) = ∫
V
±
m2
ϕ (Λk) dλm2 (k) =
∫
V
±
m2
ϕ (k) dλm2 (k)
because Λ
(
V +
m2
)
= V +
m2
and dλm2 is invariant under any element of O(Q), see proof
of Lemma 1. 
3. A non-Archimedean analog of the Klein-Gordon Equation
Given a positive real number α and a nonzero p-adic number m, we define the
pseudodifferential operator
S
(
Q4p
) → C (Q4p) ∩ L2 (Q4p)
ϕ → α,mϕ,
where (α,mϕ) (x) := F−1k→x
[∣∣[k, k]−m2∣∣α
p
Fx→kϕ
]
.
We set EQ,m
(
Q4p
)
:= EQ,m to be the subspace of S′
(
Q4p
)
consisting of the
distributions T such that the product
∣∣[k, k]−m2∣∣α
p
FT exists in S′ (Q4p), here∣∣[k, k]−m2∣∣α
p
denotes the distribution ϕ→ ∫
Q4p
∣∣[k, k]−m2∣∣α
p
ϕ (k) d4k. Notice that
E (Q4p), the space of locally constant functions, is contained in EQ,m. We consider
EQ,m as topological space with the topology inherited from S′
(
Q4p
)
.
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Definition 3. A weak solution of
(3.1) α,mT = S, with S ∈ S′
(
Q4p
)
,
is a distribution T ∈ EQ,m
(
Q4p
)
satisfying (3.1).
For a subset U of Q4p we denote by 1U its characteristic function.
Lemma 5. Let T , S ∈ S′ (Q4p). The following assertions are equivalent:
(i) there exists W ∈ S′ (Q4p) such that TS =W ;
(ii) for each x ∈ Q4p, there exists an open compact subset U containing x so
that for each each k ∈ Q4p:
F [1UW ] (k) :=
∫
Q4p
F [1UT ] (l)F [1US] (k − l) d4l
exists.
Proof. Any distribution is uniquely determined by its restrictions to any
countable open covering of Qnp , see e.g. [17, p. 89]. On the other hand, the product
TS exists if and only if F [T ] ∗ F [S] exists, and in this case F [TS] = F [T ] ∗ F [S],
see e.g. [17, p. 115]. Assume that TS = W exists and take a countable cov-
ering {Ui}i∈N of Q4p by open and compact subsets, then TS |Ui= W |Ui i.e.
1UiTS = 1UiW . We recall that the product of a finite number of distributions
involving at least one distribution with compact support is associative and commu-
tative, see e.g. [15, Theorem 3.19], then
1UiTS = 1Ui (1UiTS) = (1UiT ) (1UiS) = T |Ui S |Ui=W |Ui .
Now for each x ∈ Q4p, there exists an open compact subset Ui containing x
such that F [T |Ui ] ∗ F [S |Ui ] = F [1UiT ] ∗ F [1UiS] = F [1UiW ]. Conversely, if
for each x there exist an open compact subset Ui containing x (from this we get
countable subcovering of Q4p also denoted as {Ui}i∈N) such that F [T |Ui ]∗F [S |Ui ]
= F [W |Ui ] i.e. T |Ui S |Ui=W |Uiexists, then TS =W . 
Corollary 1. If TS exists, then supp(TS) ⊆supp(T )∩supp(S).
Proof. Since x /∈supp(S), there exists a compact open set U containing x such
(S, ϕ) = 0 for any ϕ ∈ S(U), hence 1US = 0, and F [1UT ]∗F [1US] = 0 = F [1UW ],
i.e. W |U= 0, which means x /∈supp(W ). 
Remark 5. Lemma 5 and Corollary 1 are valid in arbitrary dimension. These
results are well-known in the Archimedean setting, see e.g. [13, Theorem IX.43],
however, such results do not appear in the standard books of p-adic analysis [1], [9],
[15], [17].
Remark 6. (i) Let Ω denote the characteristic function of the interval [0, 1].
Then Ω
(
p−j ‖x‖p
)
is the characteristic function of the ball B
(n)
j (0). We recall
definition of the product of two distributions. Set δj (x) := p
njΩ
(
pj ‖x‖p
)
for
j ∈ N. Given T, S ∈ S′ (Qnp), their product TS is defined by
(TS, ϕ) = lim
j→+∞
(S, (T ∗ δj)ϕ)
if the limit exists for all ϕ ∈ S (Qnp).
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(ii) We assert that(∣∣[k, k]−m2∣∣α
p
FT, ϕ
)
=
(
FT, ∣∣[k, k]−m2∣∣α
p
ϕ
)
for any T ∈ EQ,m
(
Q4p
)
and any ϕ ∈ S (Qnp). Indeed, by using the fact that Vm2 has
d4y-measure zero,∣∣[k, k]−m2∣∣α
p
∗ δj (k) =
(∣∣[y, y]−m2∣∣α
p
, δj (k − y)
)
= p4j
∫
k+(pjZp)
4
∣∣[y, y]−m2∣∣α
p
d4y
= p4j
∫
k+(pjZp)
4rV
m2
∣∣[y, y]−m2∣∣α
p
d4y =
∣∣[k, k]−m2∣∣α
p
for j big enough depending on k. Then(∣∣[k, k]−m2∣∣α
p
FT, ϕ
)
= lim
j→+∞
(
FT (k) ,
[∣∣[k, k]−m2∣∣α
p
∗ δj (k)
]
ϕ (k)
)
=
(
FT (k) , ∣∣[k, k]−m2∣∣α
p
ϕ (k)
)
.
Lemma 6. A distribution T ∈ EQ,m
(
Q4p
)
is a ϕ weak solution of α,mT = 0 if
and only if suppFT ⊆ Vm2 .
Proof. Suppose that suppFT ⊆ Vm2 , then by Corollary 1, we have
supp
(∣∣[k, k]−m2∣∣α
p
FT
)
⊆ supp (FT ) ∩ supp
(∣∣[k, k]−m2∣∣α
p
)
= ∅
because
∣∣[k, k]−m2∣∣α
p
=
∣∣[k, k]−m2∣∣α
p
1Q4prVm2 in S
′(Q4p) (Vm2 has d
4k-measure
zero) and supp
(∣∣[k, k]−m2∣∣α
p
1Q4prVm2
)
⊆ Q4prVm2 , therefore
∣∣[k, k]−m2∣∣α
p
FT =
0.
Suppose now that
∣∣[k, k]−m2∣∣α
p
FT = 0. By contradiction, assume that suppFT *
Vm2 . Then , there exists k0 ∈ Q4prVm2 and an open compact subset U ⊂ Q4prVm2
containing k0 such that (FT, 1U ) 6= 0. By using Remark 6-(ii) and by shrinking U
if necessary, (∣∣[k, k]−m2∣∣α
p
FT, 1U
)
=
(
FT, ∣∣[k, k]−m2∣∣α
p
1U
)
=
∣∣[k0, k0]−m2∣∣αp (FT, 1U) 6= 0,
contradicting
∣∣[k, k]−m2∣∣α
p
FT = 0. 
Remark 7. Let ϕ ∈ S (Q4p) and let Λ ∈ L↑+, a Lorentz transformation. We
have
F [ϕ (Λx)] (k) = F [ϕ] (Λk)
and
ΛF [T ] = F [ΛT ] .
Hence the Fourier transform preserves Lorentz invariance, or more generally, the
Fourier transform preserves invariance under O (Q).
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Proposition 2. The distributions
F [T ] (k) = aδ+
(
Q (k)−m2)+ bδ− (Q (k)−m2) , a, b ∈ C,
are weak solutions of α,mT = 0 invariant under L↑+.
Proof. By Remark 7, it is sufficient to show that δ±
(
Q (k)−m2) are invariant
solutions of
∣∣[k, k]−m2∣∣α
p
F [T ] = 0, which follows from Lemmas 4-6. 
At this point we should mention that a similar results to Lemmas 4-6 and
Proposition 2 are valid for the Archimedean Klein-Gordon equation, see e.g. [2] or
[3, Chapter IV].
4. The Cauchy Problem for the non-Archimedean Klein-Gordon
Equation
In this section we study the Cauchy problem for the p-adic Klein-Gordon equa-
tions.
4.1. Twisted Vladimirov pseudodifferential operators. Let C×1 denote
the multiplicative group of complex numbers having modulus one as before. Let pi1 :
Z×p → C×1 be a non-trivial multiplicative character of Z×p with positive conductor
k, i.e. k is the smallest positive integer such that pi1 |1+pkZp= 1. Some authors
call a such character a unitary character of Z×p . We extend pi1 to Q
×
p by putting
pi1 (x) := pi1 (ac (x)). A quasicharacter of Q×p (some authors use multiplicative
character) is a continuous homomorphism from Q×p into C
×. Every quasicharacter
has the form pis (x) = pi1 (x) |x|s−1p for some complex number s.
The distribution associated with pis (x) has a meromorphic continuation to the
whole complex plane given by
(4.1)
(pis (x) , ϕ (x)) =
∫
Zp
pi1 (x) |x|s−1p {ϕ (x)− ϕ (0)} dx+
∫
QprZp
pi1 (x) |x|s−1p ϕ (x) dx,
see e.g. [17, p. 117].
On the other hand,
(4.2) F [pis] (ξ) = Γp (s, pi1)pi
−1
1 (ξ) |ξ|−sp , for any s ∈ C,
where
Γp (s, pi1) = p
skap,k (pi1) ,
ap,k (pi1) =
∫
Z
×
p
pi1 (t)χp
(
p−kt
)
dt and |ap,k (pi1)| = p− k2 ,
see e.g. [17, p. 124].
Another useful formula is the following:
(4.3)
(pis (x) , ϕ (x)) =
∫
Qp
pi1 (x) {ϕ (x)− ϕ (0)}
|x|s+1p
dx, for Re(s) > 0, and ϕ ∈ S (Qp) .
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The formula follows from (4.1) by using that
(4.4)
∫
QprZp
pi1 (x)
|x|s+1p
dx =
 ∞∑
j=1
p−js
∫
Z
×
p
pi1 (y) dy = 0.
Given α > 0, we define the twisted Vladimirov operator by(
D˜αxϕ
)
(x) = F−1k→x
(
pi−11 (k) |k|αp Fx→k (ϕ)
)
for ϕ ∈ S (Qp) .
Notice that
S (Qp) → C (Qp,C) ∩ L2
ϕ →
(
D˜αxϕ
)
is a well-defined linear operator.
Lemma 7. For α > 0 and ϕ ∈ S (Qp), the following formula holds:
(4.5)
(
D˜αxϕ
)
(x) =
1
Γp (−α, pi1)
∫
Qp
pi1 (y) {ϕ (x− y)− ϕ (x)}
|y|α+1p
dy.
Proof. By using (4.2), we have(
D˜αxϕ
)
(x) = F−1ξ→x
(
pi−11 (k) |k|αp
)
(x) ∗ ϕ (x) = 1
Γp (−α, pi1)pi−α (x) ∗ ϕ (x)
=
1
Γp (−α, pi1) (pi−α (y) , ϕ (x− y))
=
1
Γp (−α, pi1)
∫
Zp
pi1 (y) {ϕ (x− y)− ϕ (x)}
|y|α+1p
dy+
1
Γp (−α, pi1)
∫
QprZp
pi1 (y)ϕ (x− y)
|y|α+1p
dx
=
1
Γp (−α, pi1)
∫
Zp
pi1 (y) {ϕ (x− y)− ϕ (x)}
|y|α+1p
dy
+
1
Γp (−α, pi1)
∫
QprZp
pi1 (y) {ϕ (x− y)− ϕ (x)}
|y|α+1p
dy,
where we used (4.4). 
Note that the right-hand side of (4.5) makes sense for a wider class of functions.
For instance, for E˜α (Qp), the C-vector space of locally constant functions u (x)
satisfying ∫
QprZp
|u (x)|
|x|α+1p
dx <∞.
Another useful formula is the following:
Lemma 8. For α > 0, we have
pi−11 (x) |x|αp =
1
Γp (−α, pi1)
∫
Qp
pi1 (y) {χp (yx)− 1}
|y|α+1p
dy in S′ (Qp) .
14 W. A. ZU´N˜IGA-GALINDO
Proof. The formula follows from (4.2) and (4.3). The proof is a simple vari-
ation of the proof given for the case in which pi1 is the trivial character, see e.g. [9,
Proposition 2.3]. 
From now on we put
pi1 (x) := i
(
ac (x)
p
)
for x ∈ Z×p ,
where
(
·
p
)
denotes the Legendre symbol. Note that k = 1 and pi1 (x) ∈ {±i},
furthermore, (−1
p
)
=
 1, if p− 1 is divisible by 4−1 if p− 3 is divisible by 4.
4.2. The Cauchy Problem for the p-adic Klein-Gordon Equation. In
this section we take x0 = t and (x0,x) = (t,x) ∈ Qp × Q3p. Our goal is to study
the following Cauchy problem:
(4.6)
(α,mu) (t,x) = J (t,x) , J (t,x) ∈ S
(
Q4p
)
(A)
u (t,x) |t=0= ψ0 (x) , ψ0 ∈ S(Q3p) and F−1 [ψ0] ∈ S (UQ,m) (B)
D˜αxu (t,x) |t=0= ψ1 (x) , ψ1 ∈ S(Q3p) and F−1 [ψ1] ∈ S (UQ,m) (C).
Theorem 1. Assume that p − 3 is divisible by 4.Then Cauchy problem (4.6)
has a weak solution given by
u (t, x) = Eα (t,x) ∗ J (t,x)+(4.7) ∫
UQ,m
χp
(
−t
√
k · k +m2 + x · k
)
u+ (k)
d3k∣∣√k · k +m2∣∣
p
+
∫
UQ,m
χp
(
t
√
k · k +m2 + x · k
)
u− (k)
d3k∣∣√k · k +m2∣∣
p
,
where Eα (t,x) is a distribution on S
(
Q4p
)
satisfying
(4.8)
∣∣[k, k]−m2∣∣α
p
F t→ k0
x→ k
[Eα (t,x)] = 1 in S
′
(
Q4p
)
,
u+ (k) =
1
2
∣∣∣√k · k +m2∣∣∣p F−1 [ψ0] (k)− ipi1
(√
k · k +m2)∣∣√k · k +m2∣∣α−1
p
F−1 [ψ1] (k)
 ,
and
u− (k) =
1
2
∣∣∣√k · k +m2∣∣∣p F−1 [ψ0] (k) + ipi1
(√
k · k +m2)∣∣√k · k +m2∣∣α−1
p
F−1 [ψ1] (k)
 .
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Proof. Like in the classical case a solution of (4.6)-(A) is computed as
u0 (t, x) + u1 (t, x) with u0 (t, x) a particular solution of (4.6)-(A) and u1 (t, x) a
general solution of
(4.9) (α,mu1) (t,x) = 0.
The existence of a fundamental solution for (4.6)-(A), i.e. a distribution Eα (t,x) is
a distribution on S
(
Q4p
)
such that Eα (t,x)∗J(t, x) is a weak solution of (4.6)-(A),
was established in ([21]), see also ([22]). This fundamental solution satisfies (4.8).
We now show that
u1 (t,x) :=
∫
UQ,m
χp
(
−t
√
k · k +m2 + x · k
)
u+ (k)
d3k∣∣√k · k +m2∣∣
p
(4.10)
+
∫
UQ,m
χp
(
t
√
k · k +m2 + x · k
)
u− (k)
d3k∣∣√k · k +m2∣∣
p
,
is a weak solution of (4.9). By applying Lemmas 2-3, we have
∫
UQ,m
χp
(
∓t
√
k · k +m2 + x · k
)
u± (k)
d3k∣∣√k · k +m2∣∣
p
=
∫
V
±
m2
χp ([(k0,k) , (−t,−x)])u±
(
i−1± (k)
)
dλm2 (k0,k)
= F−1(k0,k)→(t,x)
[(
u± ◦ i−1±
)
(k) δ±
(
Q (k)−m2)] ,
whence
F(t,x)→(k0,k) [u1 (t, x)] =
[(
u+ ◦ i−1+
)
(k) δ+
(
Q (k)−m2)]
+
[(
u− ◦ i−1−
)
(k) δ−
(
Q (k)−m2)] .
By Lemma 6, u1 (t, x) is a weak solution of (4.9), if
supp
(
u± ◦ i−1±
)
(k) δ±
(
Q (k)−m2) ⊆ Vm2 .
This last condition is verified by applying Corollary 1 and the fact that
supp
(
u± ◦ i−1±
) ⊆ V ±
m2
⊂ Vm2 and supp
(
δ±
(
Q (k)−m2)) ⊆ V ±
m2
⊂ Vm2 .
The verification of (4.6)-(B) is straight forward. To verify (4.6)-(C) we proceed
as follows. By using Lemma 7, Fubini’s theorem and Lemma 8, we get the following
16 W. A. ZU´N˜IGA-GALINDO
formula:
D˜αt
 ∫
UQ,m
χp
(
∓t
√
k · k +m2 + x · k
)
u± (k)
d3k∣∣√k · k +m2∣∣
p
 =
∫
UQ,m
χp
(∓t√k · k +m2 + x · k)u± (k)∣∣√k · k +m2∣∣
p
×
 1Γp (−α, pi1)
∫
Qp
pi1 (y)
{
χp
(±y√k · k +m2)− 1}
|y|α+1p
dy
 d3 k =
pi−11 (±1)
∫
UQ,m
χp
(
∓t
√
k · k +m2 + x · k
)
pi−11
(√
k · k +m2
)
×
∣∣∣√k · k +m2∣∣∣α−1
p
u± (k) d
3k.
Now Condition (4.6)-(C) follows from the previous formula. 
Remark 8. (i) Note that the condition ‘p− 3 is divisible by 4’ is required only
to establish (4.6)-(C). At the moment, we do not know if this condition is necessary
to have (4.6)-(C).
(ii) The parameter α does not have any influence on the solutions of (4.9).
Like in the Archimedean case the non-Archimedean Klein-Gordon equations
admit plane waves.
Lemma 9. Existence of plane waves. Let (E,p) ∈ V ±
m2
, i.e. E = ±
√
p · p+m2.
Then u (t,x) = χp ([(t,x) , (E,p)]) is a weak solution of (α,mu) (t,x) = 0.
Proof. (i) Since F(t,x)→(k0,k) [u (t,x)] = δ (k0 − E,k − p), the results follows
from Lemma 6. 
5. Further Results on the p-adic Klein-Gordon Equation
In this section we change the notation slightly, this facilitates the comparison
with the classical results and constructions.
Set
ω (k) :=
√
k · k +m2 for k ∈ UQ,m.
The function ω (k) is a p-adic analytic function on UQ,m, cf. Lemma 2, and
ω (k) 6= 0 for any k ∈ UQ,m. Then, by Taylor formula, |ω (k)|p is a locally constant
function on UQ,m, and if φ± ∈ S (UQ,m), then |ω (k)|±1p φ± (k) ∈ S (UQ,m).
Then
(5.1) φ (t,x) =
∫
UQ,m
χp (−x · k) {χp (−tω (k))φ+ (k) + χp (tω (k))φ− (k)} d3k
is a weak solution of (α,mφ) (t,x) = 0 for any φ± ∈ S (UQ,m). Note that if we
replace χp (−x · k) by χp (x · k) in (5.1) we get another weak solution.
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As in the classical case, for the quantum interpretation we specialize to ‘positive
energy solutions’ which have φ− (k) = 0. Then the solution is determined by a single
complex valued initial condition. The solution (5.1) with initial condition
Ψ ∈ L2Q,m := L2
({
Φ ∈ L2 (Q3p) : supp (FΦ) ⊆ UQ,m} , d3k)
-where the condition ‘supp(FΦ) ⊆ UQ,m’ means that there exists a function Φ′ in
the equivalence class containing FΦ such that supp(Φ′) ⊆ UQ,m- is given by
(5.2) Ψ (t,x) =
∫
UQ,m
χp (−tω (k)− x · k) (FΨ) (k) d3k.
Set
U (t) : L2Q,m → L2
(
Q3p
)
Ψ → Ψ(t,x) = F−1
k→x (χp (−tω (k))Fx→kΨ) ,
for t ∈ Qp.
Lemma 10. (i) U (t), t ∈ Qp is a group of unitary operators on L2Q,m.
(ii) st.− limt→0 U (t) = I.
Proof. It is a straightforward calculation. 
We now consider the effects of space-time translations by a = (a0,a) ∈ Q4p and
rotations R in SO (3). The transformations {a,R} act on Q4p naturally and they
form a group, the semi-direct product Q4p ⋉ SO (3), with group law given by
{a,R} {a′, R′} = {a+Ra′, RR′} .
We attach to each {a,R} the operator
(U0 (a,R)ψ) (x) := F
−1
k→x
[
χp ([(a0,a) , (ω (k) ,k)]) (Fk→xψ)
(
R−1k
)]
for ψ ∈ L2Q,m.
Lemma 11. (i) The correspondence {a,R} → U0 (a,R) gives rise a unitary
representation of Q4p ⋉ SO (3) in L
2
Q,m.
(ii) For the wave functions (5.2), we have
(U0 (a,R)Ψ (t, ·)) (x) = Ψ
(
t− a0, R−1 (x− a)
)
.
Proof. (i) The calculations involved are similar to the ones required in the
proof of Lemma 10-(i). (ii) It is a straightforward calculation. 
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